III. QUANTITATIVE ASPECTS
III. QUANTITATIVE ASPECTS
HOMESTYLE RECIPES FOR FINANCIAL MANAGEMENT

1.  Capitalization and Discount

Interest is very real.   As has been shown in chapter II, a unit of currency today is not worth the same as it will be tomorrow.

Effectively, the generation of wealth happens over time, except in the case of stockpiling, where capital is inert and produces nothing.

Consequently, we must differentiate between present value and future value.  The difference between them is interest.  Therefore: 
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FV:
Future value




PV:
Present value




I:
Interest

Interest is usually expressed as a percentage (%) that can be represented as “i%.”  It can also be represented as “i.”  The former is the interest generated from $100 in capital; the latter is generated by $1. 

In academic environments, working with a capital of $1 is normal because operations are abbreviated.

For example, if capital of $12,370 earns 14% an interest, we must do two operations:


1°)  12,370 x 14 = 173,180, 


2°)  173,187 ÷100 = 1,731.80

On the other hand, if the decimal notation is used  ( i = 0.14), a single operation is enough:

12,370 x 0.14 = 1,731.80

That is the reason why an abbreviated language is adopted in Financial Mathematics.  Consequently:
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“i” is the interest rate for one dollar, always for a given period of time: year, month, day.  Thus, the annual, monthly or daily interest rate emerges.

This means that after each agreed period, the capital is released along with its interest.  If the investor reinvests both, the original investment is capitalized. This is called “compound interest.” 

Consequently, if capital is left working for several years and interests is compounded at the end of each period, the following would be incorrect:

Capital 
PV
12,147





Interest 
i
  0.14





Period
t
  4 years

Future Value 
FV =
12,147  x  0.14  x  4

If calculations are done in this fashion, we obviously ignore the fact that, since interest has not been withdrawn, it has itself become capital.

This method is called "simple interest,” an incorrect calculation that has gradually lost favor.  Moreover, some people believe that simple interest does not exist. 

To be sure, its use has caused much confusion, for example, banks which advertise insert rates on loans..

To derive a formula for the capitalization process, an extremely simplified model like the one below suffices.  The example below has $40 in capital, placed at 2% monthly interest rate for three months.

Calculations






1° month: FV1 =
40.00 
. (1.02) = 
40.80

2° month: FV2 =
40.80 
. (1.02) = 
41.616

3° month: FV3 =
41.616
. (1.02) = 
42.448

Visual aid




1° month: FV1 =
PV0  (1 + i)             New amount for the 2nd month
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New amount

2° month: FV2 =
PV0  (1 + i)
(1 + i) = 
PV0  (1 + i) (1 + i)     for the 3rd




month






3° month: FV3 =
PV0  (1 + i) (1 + i) 
(1 + i) =
PV0  (1 + i) (1 + i) (1 + i)







 Remember that 2 x 2 x 2 is equal to 2³

SÍMBOLO 222 \f "Symbol" (1+ i) . (1+i) . (1 +i) = (1+i )³  

Consequently: 

FV3 = PV0   . (1 +i)³.  In our example,  40 . (1.02)³ = 42.448

In order to generalize the compound capitalization formula, we represent time as "n."  Thus, it could be applied to any number of periods:


(
Below are a few examples:



Example b), which may seem like mathematical gymnastics at first, is more useful than one might expect.  It is applied to projects whose cash flows periods are not products of identical length.

Now, let’s go back to the capitalization formula and try to derive the discount formula.


Do you remember when your high school teacher taught you to solve equations? He used to say that a multiplier shifted from one side of the equation to the other becomes a divisor.  And he demonstrated it in the following way:

If:
FV = PV (1+i )n


Then (
Thanks to algebra, we can arrive at the final formula much faster. Now, we are able to discover how much a dollar that is going to be received in the future is worth today, if the passage of time is penalized at rate "i.”

Notice that the outlined problem is inverse to capitalization. Consequently, one could answer this question: what was the amount invested 60 months ago at the rate at 2% per month if today the value is $131.24?

If we use the newly found formula we will be able to show that it is worth $40.  How? 
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It can also be expressed this way:
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This means that 60 months before, the $131.24 that you receive today was 30.48% of this amount.  This percentage is called “discount factor,” and will be useful when converting future cash flows into present values.

In corporate finance, the discount formula is much more useful than that of capitalization, because future cash flows are basic to corporate finance problems.

When the discount process is applied, the result is today’s value, which in corporate finance is called "Present Value."

2.  Net Present Value (NPV)

PRESENT VALUE

If we set aside the excessive simplicity of the previous outline, it is possible to calculate the present value (PV) of a set of future cash flows.  If the same instrument is applied to a set of future cash flows f1 f2 and f3, it is possible to know the total present value when discounted at an interest rate of 12%, for example.

f1
250





f2
190





f3
300

Nominal value




740

of all






cash flows
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Present value



223.21  +  151.47 + 213.53     =
588.21

of all






cash flows











 The present value formula is expressed, using the symbol “the sum of” in the following way:




Symbols
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capital sigma: “the sum of” interest rate 

cash flow 

number of cash flows  

denotes  the  generic

attribute of the cash flow






PLANING A BUSINESS (NET PRESENT VALUE–NPV)

Suppose that you are planning a business and have estimated five cash flows: the first one is an investment, and the other four are receipts.   We want to know what happens if they are discounted at an annual interest rate of 18%.  In other words, we want the investment to yield, at least, such a rate.

-8000






1
2
3
4

0











+2500
+3000
+3200
+4100

What has to be done? Just an algebraic sum of the respective present  values of the five cash flows at the interest rate of 18%. 

Thus


[image: image5.wmf]å

=

=

±

4

 

=

 

j

0

j

(1.18)

fj

j

 

[image: image6.wmf]4

3

2

1

0

(1.18)

   

4,100

 

(1.18)

  

3,200

 

(1.18)

  

3,000

 

(1.18)

  

2,500

 

(1.18)

 

8,000

 

+

+

+

+

-


 - 8,000  + 2,118.64 +2,154.53 +1,947.62 +2,114.73 


=

The amount of $335.55 is called "Net Present Value" (NPV).  It is called “net” because it is the sum of positive and negative values, i.e., the algebraic sum.

The abbreviation NPV is the classical symbol shown by financial calculators. 

NPV is symbolized as follows:




Algebraic sum of “n” cash flows discounted at interest rate “i”
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What characterizes NPV? 

-  One or more positive or negative amounts.

- The amounts do not obey any rule.  They can all be equal or different.

- Intervals are generally equal, but they can differ, as in the model shown below.

CASH FLOWS AT IRREGULAR INTERVALS






4.65 (4 years, 237 days)

-8000






(
(
(
(


(















3000
5000
7000
2500
5500


Therefore, if the flows are discounted at an annual interest rate of 18% including an irregular flow that is produced after 4 years and 237 days (65% of a year), the net present value would be built as follows:




1






(8,000)
(1.18)0
=
( 8,000.00 )













1






3,000
(1.18)1
=
   2,542.37













1






5,000
(1.18)2
=
3,590.92













1






7,000
(1.18)3
=
4,260.42













1














2,500
(1.18)4.65
=
1,157.95













1






5,500
(1.18)5
=
2,404.10





NPV

5,955.76


Now, return to the previous model with an NPV of $335.55 What does it mean?

It indicates that the investment is able to:

a)  pay back the capital

b) pay an interest rate of 18%

c) provide a surplus of $335.55

Therefore: 

If NPV is positive   
SÍMBOLO 222 \f "Symbol"
the project is able to  pay a), b) and c).

If NPV is neutral     
SÍMBOLO 222 \f "Symbol"
the project is able to pay a) and b).

If NPV is negative 
SÍMBOLO 222 \f "Symbol"
three alternatives may accur:

1. That it pays only a) and part of b).

2. That it pays only a) (just the capital).  In this case IRR is zero.

3. That it pays a part of a), i.e., it consumes part of the capital.  This is the case of a negative IRR


3.  Internal Rate of Return (IRR)

LOOKING FOR THE IRR

The model produced an NPV of $335.55.  That means that the project is able to pay an interest rate of 18% and also produce a surplus of $335.55.  It is possible for the project to pay a higher rate, but in that case, obviously, the NPV would decrease.  If we could test until the NPV becomes zero (0), the interest rate which produced such an effect would be the  “Internal Rate of Return” (IRR).  In current terminology, this is called interest rate over balances.


SYMBOLISM   

Notice that the formula is similar to that of NPV seen in point 2 of this chapter.  The only difference is that the first term of the equation, the NPV, is zero because the IRR is found when the NPV disappears.

Return to the example and try to obtain the IRR: let us test the project with a yield of 19%.
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 = - 8,000 + 2,100.84 +2,118.40 +1,898.93 +2,044.54  =

   = NPV: 162.71



It can yield more than 19%

When the NPV is still positive, it means that the project can yield a greater rate of return.

Now try it with a 20% rate:
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 = - 8,000 + 2,083.33 +2,033.33 +1,851.85 +1,977.24  =

= NPV: -4.24

We overshot . . . went too far . . . the NPV is negative.  It is between 19% and 20%; though it is closer to 20%.  How do we manage to find the rate?  Interpolate.

INTERPOLATION

To interpolate between 19% and 20%, the next line of reasoning must be the following: if a difference of 1% in the rate means           $166.95 ($162.71 + $4.24), then, the rate for $4.24 represents 0.0254%.

Calculation

166.95
----
1%

    4.24
----
x = 4.24 ( 166.95 = 0.0254%

The rate




 20.00




-  0.0254




 19.9746%


TRY IT: 
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=     -  8,000      +    2,038.77    +    2,084.22   +   1,853.03     +    1,978.91  =

NPV = - $0.07 SÍMBOLO 222 \f "Symbol" almost zero

The NPV is so small that it can be accepted that the IRR is very close to 19.9746%.

A small NPV could be canceled either with a new interpolation, or with financial calculators.  These allow the IRR to be calculated exactly as 19. 97417975%.

NPV  VERSUS  IRR

For a long time NPV and IRR have not only appeared to be different, but also antagonistic.  In fact, they are neither.

NPV and IRR are two ways of observing the same phenomenon. They are so linked that when one rises (NPV) it is because the   other falls.  IRR appears when the applied rate is able to negate the NPV. 

CRITERION FOR SELECTING BETWEEN THE USE OF NPV AND IRR 

As a selection criterion for an investment decision, NPV and IRR are not rivals.  Each of them is useful in its own way.

Net Present Value is predominantly used in the context of  plentiful capitals, i.e., when the volume of available funds surpasses investment opportunities.   Working with a minimum yield to accept projects is characteristic of this scenario. 

The minimum limit is represented by a risk free rate plus an additional risk-free rate desired by the investor.  Together they represent the cost of capital.

Example

Risk-free rate
4%




Intended margin
3%




General minimum
7%

For example, if the political risk were 3.5% in Argentina, it would mean that the cost of capital for projects in Argentina would be 10.50% (7% + 3.5%).

Obviously, the other factors (risk and restriction of liquidity), must be taken into account.  The example below will clarify this concept:


Projects












Alternative Investments

A


B


C













Yield of the project itself

18.0 


 22.0 


16.0 


Risks (excluding political risk)
(
  5.5
)
(
   3.5
)
(
  4.0
)

Restriction to liquidity
(
  3.0
)
(
   4.5
)
(
  0.5
)












Net yield of the project

  9.5


 14.0


11.5













Cost of capital for projects in Argentina

10.5


 10.5


10.5



Rejectable

Acceptable


In this analysis, the fact that investment B yields more than C is secondary.  The objective is not to leave the funds idle. Consequently, every project that surpasses the required minimum rate of 10.5% is acceptable.


 

On the other hand, IRR is used as a criterion of selection when the investor has limited available capital.

Under such circumstances, the investor’s selection criterion is different, because he places savings in the investment that offers the highest rate, lowering his aspirations to lesser yields until his resources are depleted. 
4. Payback Period

The payback period is not a yield index, but the amount of time that a capital expenditure takes to be return to the investor. 

The payback period is useful as a complementary element to NPV and IRR.  In high-risk regions a rapid recovery of the investment is frequently more important than yield indicators.

The following model looks at a cash flow with an annual discount rate of 18%, and a planning horizon of five years.  Look at how the calculations are done:

Project A



Cash

Flows
Discount
Present values

N°
$              Nominal
Factor
Single

values
Cumulative









0
(100,000)
1/(1.18)0
1
(100,000)
(100,000.00)


1
   50,000
1/(1.18)1
1.1800000
42,372.88
(57,627.12)
1

2
   50,000
1/(1.18)2
1.3924000
35,909.22
(21,717.90)
2

3
   30,000
1/(1.18)3
1.6430320
18,258.93
(3,458.97)
3

4
   20,000
1/(1.18)4
1.9387778
10,315.78



5
   10,000
1/(1.18)5
2.2877578
4,371.09

3 years




NPV  (
11,227.90

122 days
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 In order to arrive at the payback period of 3 years and 122 days, we calculate the proportion of the fourth year’s cash flows necessary to repay the amount outstanding at the end of the third year.

The following chart compares the previous project A, with another one.  It shows an investment of $100,000 discounted at an 18% annual rate, and how an investor is inclined towards a project of lower yield but with a rapid return of the funds.

Chart No. 1

Payback Period.  Contrasts
PROJECT A

PROJECT B


Cash 

Flows

Cash 

Flows
Present values


No
Nominal

Flows

No
Nominal

Flows

Simple values


Cumulative














0
(100,000)

0
(100,000)
(
100,000.00
)

(   100,000.00
)

1
50,000

1
70,000

59,322.03


(     40,677.97
)

2
50,000

2
57,000

40,936.51






3
30,000











4
20,000







40,677.97 x 365


5
10,000







40,936.51










NPV
11,227.90

NPV
258.55











IRR
24.27%

IRR
18.22%
=







Payback period:

Paycack period: 1 year and 363 days
363

3 years  y 122 days




Notice that project A has a higher yield than B. However, the investor may prefer the latter to the former since their payback periods are 1 year and 363 days versus 3 years and 122 days.

5. A Reconciliation between Financial and Accounting Results

When a set of cash flows is displayed, the accounting result is no more than the algebraic sum of their nominal values.  In other words, they are not submitted to a discount process based on time.

Accounting is characterized by comparing current sales with previous costs.  The inaccuracy of using this method that omits time becomes even more evident for an investment where returns are collected over 10, 12 or 15 months.

The financial result, on the other hand, takes into account the time value of money. It discounts the value of the cash flows based on the amount of time between the present and the cash flow date.

A method which will be discussed later uses a simple model to prove definitively that the mysterious IRR is just the “interest rate calculated over balances”.

Let us go back to the simple example in point 2 of this chapter, with which we are already familiar, in order to organize an arithmetic matrix.  We must always distinguish clearly between the project and the investor. 

When the investment demands a disbursement of $8,000 at time zero, it means that, at moment f1, the project must pay the investor the interest rate of 18% for its use.  If it cannot pay, or does not want to yet, it must add it to the investor’s current account, and so on for each one of the subsequent periods while the project has not totally canceled its debt with the investor.

For example:

F0
(
8,000
)












F1

2,500













f2

3,000



Discounted flows at 18% ( NPV = 335.55









f3

3,200


















f4

4,100




Accounting


Financial















4,800


result


result
























Table No. 2.  Reconciliation of Results: NPV
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Period
Interest at 18% on (
Investor

disbursement 
Income flows
Capital 

earning

 interest



















f0

(8,000)

(8,000.00)



















f1
(1,440.00)

2,500
(6,940.00)



















f2
(1,249.20)

3,000
(5,189.20)



















f3
(934.06)

3,200
(2,923.26)



















f4
(526.19)

4,100
650.55












(4,149.45)
(8,000)
12,800












Summary of the investor’s account 

Disbursement
8,000.00

Intended interest at 18% 
4,149.45


12,149.55

Income flows
(12,800.00)

Surplus received in the period f4
    650.55

Notice that the surplus of $650.55 received by the investor at the moment f4 has to be recalculated to time fo as is shown below:


If the project were discounted at its IRR (19.97417975%) instead of 18%, the NPV would be zero as shown below.  Once again, this demonstration proves that IRR is no more than the traditional rate calculated over balances.

Table No. 3.  Reconciliation of Results: IRR
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Period
Interests 

at 19.97417975%
Investor disbursement 
Income flows
Capital earning interest













f0

(8,000)

(8,000.00)













f1
(1,597.94)

2,500
(7,097.93)













f2
(1,417.75)

3,000
(5,515.68)













f3
(1,101.71)

3,200
(3,417.40)













f4
(682.60)

4,100
         0.00








(4,800.00)
(8,000)
12,800
























NPV = 0








Summary of the investor’s account:

Disbursement
 8,000

Intended interests at 19,97417975% 
 4,800


12,800

Income flows
(12,800)

Surplus in period f4
0

FV = PV + I





I = PV x i








FV = PV (1+i)n








a)�



What is the future value of $40 capitalized at a monthly rate of 2% for 60 months?�
�



 40 . (1.02)60 = 131.24�
�
�
�
�
�
�
�
On the other hand, if the formula of "simple interest" had  been applied it would have been quite different, even wrong.  Therefore, simple interest should be forgotten.  


�
�
40+(40x 0.02x 60) = 88�
�






�
�
�
�
�
b)�
With the formulation of compound interest, we are able to calculate even fractional periods.  For example, 60 and a half months.  


�
�



40 . (1.02)60.5 = 132.55�
�






�INCRUSTAR Equation.3���





335.55





�INCRUSTAR Equation.3���





�INCRUSTAR Equation.3���
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